SYMPLECTIC ACTION AROUND LOOPS IN Ham(M) 



ANDRES VINA 



Abstract. Let Ham(M) be the group of Hamiltonian symplectomorphisms of 
a quantizable, compact, symplectic manifold (M, lj). We prove the existence 
of an action integral around loops in Ham(M), and determine the value of this 
action integral on particular loops when the manifold is a coadjoint orbit. 
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1. Introduction 



Given a compact, symplectic manifold (M, w), the group of Hamiltonian sym- 
plectomorphisms [16] [17] of {M,uj) is denoted by Ham(M). If ip = {V't}te[o,i] is a 
loop in Ham(M) at id and x is a point of M, then the closed curve in M {il)t{x)}t 
is nuUhomologous [16] [15]. If 5 is a 2-chain in M whose boundary is this curve, 
one can consider 



where ft is the normalized time-dependent Hamiltonian associated to ^p. Through- 
out this article we will assume that (Af, w) is quantizable [24], that is, lu defines 
an integral cohomology class in M, then the right hand side of (1.1) is indepen- 
dent of the 2-chain S. Kx{ip) is in fact the C/(l)-valued action integral around the 
curve {tljt{x)}t [16] [22]. In [21] we proved that Kx{tp) is independent of the point 
x; the proof is based in an analysis of some properties of the prequantization rep- 
resentation [20] . Here we give a new proof of this property in the context of the 
gauge transformations of a prequantum bundle [24]. The idea of the proof is the 
following: Since M is quantizable, there is a prequantum bundle over M, that is, 
a Hermitian line bundle n : L M with a connection Z?, such that the curvature 
of D is — 27rici;. The time-dependent Hamiltonian ft determines the corresponding 
Hamiltonian vector fields Xt, and by xf is denoted the horizontal lift of Xt- From 
ft one can define a vertical vector field Wf^ whose value at p is determined by the 
curve {p ■ exp(27rit/(7r(p))}(. Then {Zt := Xf — Wf^} generates a family Ft of 
diffeomorphisms of L which preserve the connection. That is, loops in Ham(M) 
lift to preserving-connection isotopies of a prequantum bundle. We prove that Fi 
is the gauge transformation defined by the map x € M i-^ Kx{ip) G U{1). It follows 
from this result that the map K-{'ip) is constant. From the independence of Kx{tp) 
of X one deduces that K{ip) depends only on the homotopy class of ip. So we obtain 
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a representation k of the group 7ri(Ham(M)), which can be caUed the action inte- 
gral representation. The existence of this representation has been proved in other 
contexts by Seidel [19] and Schwarz [18]. 

The isotopy Ft of L, lifting of the loop ip in Ham(M), allows us to assign to each 
section r of L a family Tt of sections defined hy Tt = Ffor oip:[^ . One can consider 
the correspondence r —> rt as a "transport" of sections of L along il>. On the other 
hand, in the prequantization of the manifold M one constructs for each Hamiltonian 
vector field X an operator Vx (the corresponding prequantization operator [20]), 
which acts on the space T{L) of sections of L. If Xt is the family of vector fields 
that determines the isotopy xp, we prove that 

^='PxM), ro = r 

is the differential equation of the transport along ijj. In this context K{ijj) is the 
holonomy of this transport. 

If M is a Hamiltonian G-space [6] one can consider loops in Ham(M) defined 
by the G-action. If a family gt of elements in G determines a loop ip in Ham(M), 
the independence of Kxi^p) from x allows us to express K{(p) in terms of the vertices 
of moment map. This fact, when the group G is a torus T, implies the existence 
of a moment map for the T-action whose vertices arc integer lattice points of t*. 
In a Hamiltonian G-space to each A ^ q corresponds a vector field Xa in M. The 
map V, which assigns to each A G g the operator Vxa^ is in fact a Lie algebra 
representation. The G-action is called pre-quantizable [7], if there is an action p of 
G on L that induces V. Guillemin and Sternberg proved the above property about 
the vertices of a moment map under the additional hypothesis that the G-action is 
pre-quantizable [7, § 8, Corollary 1]. 

In the particular case, when the G-action is pre-quantizable, we will express 
K{ip) in terms of the character of the restriction of p to invariant finite-dimensional 
subspaces of T{L). More precisely, the action p induces a representation i; of G on 
the space r(L). On the other hand, if G is a compact group there are G-invariant 
almost complex structures on M. Let / be such an almost complex structure and 
Qi the subspace of T{L) consisting of the /-polarized sections. Using that K{ip) 
is the holonomy of the transport along (p, K,{ip) can be expressed in terms of the 
character of v restricted to Qi (Theorem 16). 

The coadjoint orbits of a compact Lie group G are particular cases of Hamiltonian 
G-spaces. If 77 e g* is integral, i.e. there is a character A of the stabilizer subgroup 
of T] whose derivative is 27rir7, then the action of G on the orbit of r}, Or,, is 
pre-quantizable. Now a prequantum bundle L is the bundle on G/Gn determined 
by A. So r(L) can be identified with the space of A-equivariant functions on G. 
In one can consider loops ■0 of Hamiltonian symplectomorphisms generated 
by vector fields associated to elements of g; it turns out that the values of k on 
these particular loops are related with the character A. More precisely, if ■0 is the 
loop generated by a family At of elements of g, from the action of G on the A- 
equivariant functions it is easy to prove that = A(/ii), where ht is the solution 
to Lax equation hthf^ = At (Theorem 20). On the other hand, according to the 
Kostant version of Borel-Weil theorem [13], to each integral orbit Or, corresponds 
an irreducible representation tt of G, whose highest weight is determined by 77. If G 
is a semisimple Lie group, the choice of a maximal torus contained in Gr, permits 
us to define a G-invariant complex structure / on G/Gn = On- This complex 
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structure, in turn, determines a holomorphic structure on L, and Q/ is just the 
space H^{L) of holomorphic sections of L. When G-q is itself a maximal torus, the 
Borel-Weil theorem allows us to characterize the restriction of v to H^{L) in terms 
of its highest weight. It turns out that this restriction of v is the representation tt*, 
dual of TT. It follows from Theorem 16 that the invariant for the closed isotopy 
considered above is equal to x(7''*)(^i)/dim7r, where x(^*) is the character of tt* 
(Theorem 21). This result permits us to calculate using the Weyl's character 
formula. 

The paper is organized as follows. The second Section is concerned with the new 
proof of the independence of Kx{ip) from the point x. The existence of a lifting for 
K to an R-valued map is proved as well. In Section 3 we study the map k when the 
manifold is a Hamiltonian G-space. In the case that G is a torus, the existence of 
a moment map such that its vertices are integer lattice points is proved. In Section 
4 wo study the invariant in an integral coadjoint orbit of a compact Lie group 
G. Finally we apply some results of this Section to two particular cases. In the 
first one we determine the value of k(V') for a closed isotopy ?/> in a general flag 
manifold, when the isotopy is generated by the action of the corresponding unitary 
group. In [21] we determined the value k;(V') for a closed Hamiltonian flow in S"^, 
by direct calculation. Here we recover this number twice; by applying Theorem 20, 
and using Weyl's character formula. 

Acknowledgem,ents. I thank the referee for his comments and for having pointed 
me out the references [19] [18]. 

2. Action integral around isotopies 

We denote by {M,w) a compact, connected, symplectic, 2n-dimensional mani- 
fold. We will suppose that (M, lo) is quantizable, so there exists a Hermitian line 
bundle n : L ^ M {a prequantum bundle) with a connection, such that its curva- 
ture is —2^10, that is, the flrst Chern class ci{L) = [u)]. 

= L — {zero section} is the corresponding -principal bundle. If c G C = 
Lie(C^ ) we denote by Wc the vertical vector field on whose value at p is defined 
by the curve {p ■ e^'^**'^}t. If / is a function on M by Wf is denoted the vector field 
on given by Wf(p) = VFy(jr(p)) (p). As it is well-known each section A of L 
determines an equivariant map A" : ^ C by the formula A(7r(p)) = p ■ X'^{p), 
and one has the known relations (see [20] [12]) 

(£)xA)»=X«(A«)=£»x«A«, DxX={X*a){X)X, (2.1) 

where a is the connection in the principal bundle . It is also easy to prove that 
for Y e T^M 

X.{Y) = YHX{x)) + W,{X{x)), (2.2) 

with c== {2m)-'^{X*a){Y). 

On the other hand, if X is the Hamiltonian vector field on M determined by de 
function / (i.e. lx(^ = —df), then the Lie derivative Czct = 0, for Z = X^—Wf (see 
[20, page 56]). Hence A" — Wf defines a 1-parameter subgroup of diffeomorphisms 

of which preserve the connection a. 

Let {tpt \ t G [0, 1]} be the Hamiltonian isotopy associated to the time-dependent 
Hamiltonian ft. This isotopy is generated by a unique family of vector fields Xt by 



4 



ANDRES VINA 



the relations 

dtpt{x) 



Xtiiptix)), Vo = id, 



dt 

with iXti^ = —dft- The Hamiltonian ft is determined by {ipt} up to an additive 
constant. In the general case this constant will be fixed imposing that /^^^ /tw" = 0. 
The family {xf — Wf^}i of vector fields on determines a set {Ft}t of preserving 
connection diffeomorphisms of L^, such that n o = tp^ o n. We call the isotopy 
Ft the lift of ipf 

Given T a local section of , one defines := Ft o t o tjj'['^ . It is easy to prove 
the following relation between the corresponding equivariant maps 

rl=T^oFt-\ (2.3) 

For each t we have the map t G T{L^) ^ Tt £ T{L^). This family of maps can 
be regarded as a transport 7^ along the isotopy {ipt}- 

First of all we will determine the differential equation that defines the transport 
T^. Given the point x £ M and the section r of L^, the tangent vector to the 
curve {Ft{T(x))}t in at the point qt = Ft{T{x)) is, by definition of Ft, 

Zt{qt)--=Xl{qt)^WfMt)- (2.4) 
On the other hand Ft{T{x)) — Tt{xt), with xt := ^-)i{x)] hence 

Zt{qt) = rt.{Xt{xt)) + Wa{qt), (2.5) 

with 

dTe{Xt) 



2nia ■ qt 



(2.6) 



de 

The formula (2.2) apphed to n gives 

Tt^^iXtix)) = X^iTtix)) + W,{Tt{x)), (2.7) 

where c= {27Ti)-\T;a){Xt{xt)). It follows from (2.4), (2.5) and (2.7) 

- Wf, (qt) = Wciqt) + Wa{qt). (2.8) 

Using the identification of Tq^{Lxt) y ixti where is the fiber of L over Xt, one 
obtains from (2.8) 

-2'!rift{xt) ■ qt = (t^ a){Xtixt)) ■ qt + ^iria ■ qt. 
By (2.1) the first term on the right hand side is (DxtTt){xt). Hence by (2.6) 

'dTe 

As the point x is arbitrary we have proved the following Proposition that gives the 
differential equation for the transport %p along tp 

Proposition 1. The family of sections Tt defined by Tt = FtOTotp~^ is the solution 
to the equation 

^ = -Dx,Tt-2mftTt, To = T. (2.9) 



(~r^) , (^*) = -iDxtrt){xt) - 2mft{xt) ■ Tt{xt). 
\ de / \e=t 
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Let X be the Hamiltonian vector field on M associated to the function /. This 
vector field determines the operator Vx ■= —Dx — ^T^if, which acts on the space 

r(L). So 

^=VxAn), ro = r, 

is the differential equation for the transport 7^,. 

To prove the next Proposition we use the following Lemma; its proof is straight- 
forward 

Lemma 2. Let H be a diffeomorphism of L over the diffeomorphism (p of M. If 
H preserves the connection, then 

H.{Yi{p)) = {MY))\H{p)), 
for Y G T^M andp G 7r~^(a;). And 

H.{Wf{p)) = Wf,^-i{H{p)), 
for any function f defined on M. 

Proposition 3. Let Tt be the solution to (2.9), and Y a vector field on M. Then 
DY,Tt = DYT, forYt = ^t*{Y). 

Proof. As Ft preserves the connection, Lemma 2 is applicable 

YHr!) = {^u{Y))\T!) = Fu{Y^){rf). 
Taking into account (2.3) 

yhrf) = Ft^Y^Xri o Ff^) = y«(T«). 
Prom (2.1) it follows Dy^Tt = DyT. □ 

Let g be a point of L^ with 7r(g) = x, and r a local section of L^ such that x 
belongs to the domain of r. As Ft{q) is in the fiber of L over xt := tpt{x), then 

Ft{q) = T{xt) ■ mt, (2.10) 

with mt G C^. The curve {Ft{q)}i defines at the point qt = Ft{q) the vector (2.4). 
On the other hand the curve t(.T() • mt defines also the vector 

Ztiqt) = {RmJ*{r.{Xt{xt))) + W,{qt), (2.11) 

where c = {2TTi)~^{mt/mt) and Rd is the right multiplication by d G in L^ . As 
Rd» preserves the horizontal and vertical components, by (2.2) 

Ztiqt) = X^qt) + W,iiqt) + W.iqt), (2.12) 

with d = {2iTi)-'^{T*a){Xt{xt)). It follows from the equality of (2.12) with (2.4) 

mt 



= -{T*a){Xt{xt)) - 2mft{xt). 
mt 



That is, 



mt 



= exp(^- j {T*a){Xu{xu))du-2TTi j fu{xu)duj (2-13) 
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If the isotopy tpt is closed, that is, ipi — id, then the curve tpt{x) is nuUhomologous 
[16, page 334]. Let S be any 2-chain in M whose boundary is the closed curve 
{tl)t{x)}f As the curvature of the connection is —27riLO, by the Stokes theorem 

mi = exp(^27ri f LJ-2Tri f ft{i)t{x))dt^ (2.14) 
J s Jo 

One obtains from (2.10), (2.14) and the definition (1.1) of /tx(V') 

Fi{q) = q-K^(,){i>). (2.15) 

Therefore Fi is the gauge transformation determined by the map K-{ip) : M —> 
U{1). As Fi preserves the connection a, this implies dK-{ip) = 0. Hence the map 
K,-{ip) is constant, and we have 

Theorem 4. {V't}te[o,i] is a closed Hamiltonian isotopy in a quantizable man- 
ifold, the action integral along the curve {'ipt{x)\t G [0,1]} is independent of the 
point X £ M. 

As we said in Introduction a different proof of this result is given in [19] (see also 
[18, Section 3]). 

Prom (2.15) and (2.3) it follows rf = k{')P)t'^; that is. 

Corollary 5. K{tp) is the holonomy of the transport T^. 

As we said C denote the space of loops in Ilam(M) based at id. li iIj, £ C and 
we denote by V' * € the usual product of paths, it is immediate to check that 

k(V^*0 = '^(V^)k(O- (2-16) 

Next we will study the behavior of K{ip) under C^'^-deformations of ^. We consider 
the derivative of «•(?/!'•'*) with respect to the parameter s in a deformation of ip. 
That is, V''"' = {ij't \ t G [0,1]} is an isotopy with V'o = V'l = id generated by the 
time-dependent Hamiltonian ff; furthermore we assume that tp^ = ip. By {X/}t is 
denoted the family of Hamiltonian vector fields defined by {//}*. 

For a; e M we put cr^{t) := tptix), so {a-^{t) 1 1 G [0, 1]} is a closed curve and then 



') = exp (2m j^w- 2m f!{c7\t))) , 



^ JS' Jo 
where S" is a surface bounded by the curve a". We set 

Xt:=X°, /,:=/°, a{t)=a°{t). 

The variation of cr^{t) with s permits to define the vector fields Yt; that is, 

Y,{a%t)) := ^a%t). (2.17) 
OS 

For an "infinitesimal" s the curves cr', with I € [0, s] determine the "lateral surface" 
J of one "wedge" whose base and cover are the surfaces S and 5* respectively. The 
ordered pairs of vectors (Xi{(T{t)),Yt{(T{t))) fix an orientation on J, which in turn 
determines an orientation on the closed surface T = S L) J L) S" . If we assume that 
S and are oriented by means of the orientations of curves a and ct*, from the 
fixed orientation on T it follows T = J — S + . 
As w satisfies the integrality condition 

- UJ+ u; = - u (moduloZ). (2.18) 
Js Js" J J 
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Moreover 



[w = s[ u{Xt{a{t)),Yt{a{t)))dt + 0{s''). (2.19) 
J J Jo 

, for a given t £ [0, 1] 



On the other hand, for a given t € [0, 1] 
We set 

As LXt^) = —dft, from (2.20) it follows 



A. 

ds 



, f ft{^\mt= f ft{cT{t))dt- [\{Xt{a{t)),Yt{a{t)))dt. 
'=0 Jo Jo Jo 



(2.21) 

By (2.18), (2.19) and (2.21) 

k{^^) - K{tp) = -2msK{^) [ ft{cT{t))dt + 0{s^), 

Jo 

and finally 

i-nir))^ =-27riK(V')/ MMx))dt. 
\ds /\s=o Jo 

Wc have proved the following Proposition 

Proposition 6. // ■0* is the deformation of ip defined by the family f^ of time- 
dependent Hamiltonians, then 



2'KiK{tp) 

X being any point of M. 

Proposition 7. k defines a group homomorphism k : 'Ki{Ham{M)) U{1). 
Proof. With the above notations //w" = for any s. Then 

/ (/toVt)a;" = 0. 
Jm 

By Proposition 6 

Jo 

is independent of the point x £ M. Hence 

(-^Kir)) I Lo^ = -27r«(V') I dt I {ft o Vt)w" = 0. 

\ds J\s=oJm Jo Jm 

So «(■(/') depends only on the homotopy class [^p] e 7ri(Ham(M)). From (2.16) we 
conclude that k is a group homomorphism. □ 

As a consequence of Proposition 7 it makes sense to define the action integral 
around an element [^] G 7ri(Ham(M)) as Kx{tp), for x an arbitrary point of M. 
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3. Hamiltonian G-spaces. 

Let G be a compact, connected Lie group which acts on the left on the quan- 
tizable manifold (M, w) by symplectomorphisms. We assume that this action is 
Hamiltonian, and that $ : M ^ fl* is a moment map for this action. That is, M is 
a Hamiltonian G-space [6] . 

Given ^ G g, we denote by Xa, the vector field on M generated by A. Then 
A) = lo{Y,Xa), for any vector field Y on M. The A-component of $ wiU 
be denoted by /a; that is, fA{x) = ($(a;), A). Hence 

i^Xa^ = -dfA and {/a, /b} := u}{Xb,Xa) = (3.1) 

Now the prequantization map V restricted to q is 

A^q^Va = -Dxa - '^^^Ia e End(r(i)), (3.2) 

and using (3.1) it is straightforward to prove the following Proposition 

Proposition 8. The map V is a Lie algebra homomorphism. 

Given a family {gt}te[o,i\ of elements of G with = e, it determines a Hamil- 
tonian isotopy 1/3^ : M — > M by 

V>t{x)=gfX. (3.3) 

It is easy to prove the following Proposition that gives the vector fields determined 
by the isotopy ipt- 

Proposition 9. The isotopy (3.3) is defined by the equations 

— = XAt o ipt, (fo = id, 

where At is the element of g given by At := ijtgt^- 

If Xo € M is a fixed point for the G- action, then $(a:o) is called a vertex of ^> 
[7]. If (/3 is a closed isotopy we will express the U (l)-valued action integral k((^) in 
terms of the vertices of 

Theorem 10. Let (M, w) be a compact, quantizable G-space. If xq is a fixed point 
for the G-action and if the isotopy ipt defined by (3.3) is closed (i.e. (fii = id), then 

K{ip) = exp{ - 27ri($(a;o), / Atdt)), 

Jo 

with At = gtgt^ 

Proof. In this case the curve {ipt{xo)} is a point, so integral of w in (1.1) vanishes. 
On the other hand, by Proposition 9 the corresponding time-dependent Hamiltonian 
is /a, = At). 

□ 

Now we assume that G = T is the r-torus. 

Theorem 11. Let {M.^) be a com,pact, quantizable m,anifold equipped with a 
Hamiltonian action of the r-torus T. If v and v' are vertices of a moment map 
$ for the T -action, then v — v' belongs to the lattice IT oft*. 
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Proof. Let a;o and xi be fixed points with ^{xq) = v and <i?(a;i) = v' . If A is a 
vector of t* with integer coordinates, then 

{Ux) = e^-*^ • a;}te[o,i] 

is a closed isotopy of (M, w). Hence, by the independence of Kx{(I)) from the point 
X and Theorem 10, we conclude 

exp(47r2($(xo), ^1)) = cxp(47r2($(xi), A)). 

That is, {v - v' , A) = 0. This relation holds for any A G t* nZ^ Hence v-v' & U . 

□ 

Corollary 12. Under the hypotheses of Theorem 11, there is a moment map $ for 
the T-action such that the vertices of $ are integer lattice points. 

Proof. If $ is a moment map and xq is a fixed point, wo sot v := ^{xq). We define 
the map — which is also a moment map, since T is Abclian. Hence is a 

vertex of By Theorem 11, for any vertex f' of v' = w' — G □ 

In particular, if the toric manifold associated to a Delzant polytope A is quanti- 
zable, then the vertices of A are integer lattice points. So we recover a well-known 
result relative to Delzant spaces [2] [6]. 

The action of G on M is said to be pre-quantizable if there is a global action of 
G on the prequantum bundle L which induces the action (3.2) of q on the space 
r(L) [7] (In [8] one says that the prequantum data {L,D) arc G-invariant) . The 
thesis of Corollary 12 has been proved in [7, § 8, Corollary 1] under the additional 
assumption that the G-action is prc-quantizable. 

Hcnciciforth in this Section wo assume the existence of this lift of the G-action 
to L. We denote by p{g) (resp. (pg) the diffeomorphism of L (resp. M) associated 
to 5 G G. So TT o p(^) = (fg on. We denote by v the representation of G on r(L) 
induced by p. That is, for 5 G G and r G r(i) 

vig){T) = p{g)oTOip-^. (3.4) 

Moreover, given a curve {gt}te[o,i] G starting at e, the fact that p induces V 
implies that 



dt 



v{gt)T = Vat, (3.5) 

=0 



where A € g is the derivative gt at t = 0. 

As we said in Section 2, the Hamiltonian isotopy (ft = (pg^ admits a lift to an 
isotopy Ft oi . By Proposition 9 the family of vector fields 

where At := gtgt^ and ft = ($, At), generates the isotopy Ft. 

It is proper to ask if the diffeomorphisms Ft and p{gt) are related. We will prove 
that Ft = p{gt). 

Lemma 13. Let ht he a curve in G with ho = e and h{0) = B G g, and let p be a 

point in . Then 



dp{ht){p) 



dt 



= xl,{p)-Wf,{p). 
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Proof. We will determine the vector tangent to {p{ht)p}t at t = 0. Let r be a 
section such that t{x) = p, then 



t=o 



+ n{-XB{x)). 



t=0 



It follows from (2.2) 



t.{Xb{x)) = X^(t(x)) + {T*a){XB)T{x) = X^(r(x)) + (Dx^rKx). 



(3.6) 



(3.7) 



The left hand side in (3.6) is equal to {Vbt){x) by (3.5) and (3.4). Therefore (3.6) 
and (3.7) give rise to 



dp{ht)ip) 



dt 



= Xl{p)-Wf,{p). 



□ 



Proposition 14. The isotopy p{gt) is generated by the family of vector fields Zt. 

So p{gt) = Ft. 

Proof. Given t, we put hf := gt'gt^] then ht = At. Since p is a representation of 
G, by Lemma 13 



dt' 



t'=t 



= xUp)-WfM- 



t'=t 



That is, 



dpjgt) 
dt 



= ZtO p{gt). 



□ 



The following Corollary asserts that the transport along (fi is defined by the 
representation v. 

Corollary 15. If gt is a family of elements in G with go = e and At := gtgt^, 
then the solution to 

^='PAArt), To = r (3.8) 
is Tt = v{gt){T). In particular, t\ depends only on the endpoint gi of the curve gt. 

Proof. The statement follows from Proposition 1 together with Proposition 14 and 
(3.4). □ 

Now we will express the ?7(l)-action integral n{ip) in terms of the representation 
V. We will construct finite-dimensional i;-invariant subspaces of r(L), and k(9?) 
will be related with the characters of the restrictions of v to these subspaces. 

An almost complex structure J on M is called compatible with lo \i lo{J. , J.) = 
a;( . , . ) and uj{. ,J.) is positive definite. Since G is a compact group one can con- 
struct G-invariant compatible almost complex structures on M. Let I be such an 
almost complex structure. A section t of L is said to be /-polarized if Dxt = 0, 
for any vector field X on M of type (0, 1) relative to /. We set Qi for the space of 
/-polarized sections. 
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With r2°''^(L) we denote the space of (0, fc)-forms on M with values in L. The 
operator D = {1 + iI)D extends in the usual manner to an operator 

L>:0°''=(L)^f2°''=+i(L). 

Although (n"'*(L), D) is not a complex, the Riemannian metric a;(., 7. ) on M 
and the Hermitian metric on L determine the adjoint operator D* of D; moreover 
the operator 

D + D* : r2°'^^«*"(L) n°'°^<i(L) 
is elliptic (see [6, page 75]). Since 

Q/ = Ker((D + 5*)|no,o), 

then Qi is a finite dimensional vector space. 

Given g G G, g is the endpoint of a curve gt in G with go = e. By Corollary 15 
v{g){T) = Ti, where is the solution of (3.8). If F is a vector of type (0, 1) with 
respect to 7, by the G-invariancc of 7 the vector ipi^{Y) is of type (0, 1) as well, ipt 
being the diffeomorphism defined in (3.3). This fact together with Proposition 3 
imply that n e Qj, if r is 7-polarized. Hence Qj is a w-invariant subspace of r(L). 
We set vj for the restriction of v to Qj. 

If the isotopy defined in (3.3) is closed, from Corollary 5 and Corollary 15 
it follows vi{gi){T) = K{ip)T. Hence the character x(^/) at the point gi equals 
K{ip) dim Q/. One has the following Theorem 

Theorem 16. If M is a Hamiltonian G-space and the G-action is pre-quantizable, 
then the action integral K{(p) around the closed isotopy (pt{x) = gf x is equal to 

Xivi){9i) 
dim Qi ' 

where I is any G-invariant, compatible almost complex structure on (M, oj) . 



4. The invariant k(V') in a coadjoint orbit 

Let G be a compact Lie group, and we consider the coadjoint action of G on g* 
defined by 

{g-rj)iA)=rjig-'-A), 

for g G G, ?7 G 0*, A e g and g ■ A = AdgA (sec [11] [24]). 

If Xa is the vector field on q* determined by A, the map Ig : ^ G g* g ■ ^ G g* 
satisfies 

{IgUXAif^)) = Xg.A{g ■ /^). (4.1) 

Given 77 G g*, by O,, =: O will be denoted the orbit of rj under the coadjoint 
action of G. On O one can consider the 2-form lu determined by 

MXa{u),Xb{u))=u{[A,B]). (4.2) 

This 2-form determines a symplectic structure on O, and the action of G preserves 
w. For each A e Q one defines the function Ha G G°°(C') by /i^(i') = i^iA), and for 
this function holds the formula 

i-Xa^ = dhA- (4.3) 
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The orbit O can be identified with G/G^, where G^ is the subgroup of isotropy 
of T]. The Lie algebra of this subgroup is 

0,, = G I nilA B]) = 0, for every B e fl} 

One says that the Unear functional 

A : G e 0^ 2mr]{C) e « (4.4) 

is integral iff there is a character A : Gn ^ whose derivative is the functional 
(4.4) (see [14]). Henceforth we assume the existence of such a character A. We 
will prove that the orbit O possesses a G-invariant prequantization. A prequantum 
bundle L over O = G/Gr, is defined by L = G Xa C = (G x C)/ ~, with {g, z) ~ 
{gb-^,K{b)z), for b G G^. 

Each section a oi L determines a A-equivariant function s : G — > C by the 
relation 

a{gG^) = [g,s{g)]. (4.5) 

The -principal bundle associated to L is = L — {zero section}. The lift 
cr'' : ^ C of the section a and its corresponding A-equivariant function s are 
related by the formula 

s{g) = u^{\g,z])z. (4.6) 

If V denotes the element [e, 1] G i^, then T„(i^) ~ (f| C)/f„, with 

f„ = {(B, -27rir?(B)) I B G 0^. 

The connection form Vl on is constructed in [14] p. 198. The form can be 
written Q. = {9, d), where 9 is the left invariant form on G whose value at e is r], 
and d G Homc(C,C) is defined by d{z) = {2Tri)~^z. It is clear that fl^ vanishes on 
f„ and that it defines an clement of T* (L ^ ) . 

We denote by £a the space of A-equivariant functions on G. The identification 
r(i) ~ £\ allows us to translate the action V defined in (3.2) to a representation 
of on £a- 

Theorem 17. The action V on £\ is given by T'a(s) = —Ra{s), where Ra is the 
right invariant vector field on G determined by A. 

Proof. Let a be a section of L, by (4.3) VA{cr) = —Dxa'^ + ^nihAcr. We will 
determine the lift {Va{(t)Y- 

The vector X^ig ■ rf) € Tg.ri{0) is defined by the curve u e^^g • 77 in C A lift 
of this curve at the point [g, z] € will be a curve of the form j{u) = [e^^g, Zu], 
with Zu = ze^^. The vector tangent to 7 at [g, z] is 7(0) = [RA{g),x], where Ra{9) 
is the value at g of the right invariant vector field in G defined by A. 

The condition ^(7(0)) = implies 

X = -2'!Tiri{g~^ ■ A). (4.7) 
Therefore the horizontal lift of Xa {g ■ rf) is 

x\{[g,z]) = [RA{g). -2TTig{g-^ ■ A)l 
and by (4.6) the action of X^([(7, z\) on the function can expressed in terms of s 

's{e^^g)\ _Ra{9){s) xs{g) 



x\i[g,zW) = l 



M=0 ^ 
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Since x\{a'^) = (Dx^a)", from (4.7) and (4.6) it turns out that the equivariant 
function associated to Dx^cr is 

gGG^ RAi9)is) + 2mr){g-^ ■ A)s{g) G C. (4.8) 

Obviously the equivariant function defined by the section Hact is the function 

Xas, where Xa{9) = hA{gGjj) = [g ■ ri){A) = rj{g~^ ■ A). It follows from (4.8) that 
the equivariant function which corresponds to —Dxa'^ + '2TTihAcr is —Ra{s). □ 

Corollary 18. The action V on f a is induced by the action 

V : {b, s) & G X £a s o £f,-i g f^, 
where Cc is left multiplication by c in the group G. 
Proof. If gt = e*^ G G, then 



dVgtis) 



dt 



^^^ = Tt 



s{e-'^g) = -RA{g){s) = VA{s){g). 

t=o 



□ 



Corollary 19. The action of G on is pre-quantizable. 

Proof. On L we define the following representation of G, p{g'){[g, z\) = [g'g, z\. For 
g^ = e*"^ and the section a of L 

d_ 
dt 

The Corollary follows from (3.4) and (3.5). □ 



/ ^ / -1 ^ N dig, s(e *^o)] 
pigtMgt 'gGr,) = ^ 



= [g, -RA{g){8)]=VA{a){gGr,). 

t=0 



Let {xpt 1 1 6 [0, 1]} be a closed Hamiltonian isotopy on O. We also assume that 
the corresponding Hamiltonian vector fields are generated by elements of g; that is, 

^^ = XAAM<i)), with A eg. 

If a is a section of L, at will denote the solution to the equation 

^=VaM ao = a. (4.9) 

By Theorem 17, equation (4.9) on the points {/it}te[o,i] of a curve in G gives rise 
to 

st{ht) = -RAAhiM^'^t). (4.10) 

for the corresponding equivariant functions. In particular, if ht is the curve such 
that ho = e and ht = RAt{ht) G '^ht{G); in other words, ht satisfies the Lax 
equation hth^^ = At, then 



st{hu). 

u=t 



Using (4.10) one deduces 

st{ht) + ht{st) = (4.11) 
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If we consider the function w : [0,1] ^ C defined by wt = st{ht); by (4.11) w is con- 
stant. So si(/ii) = so(e). If hi G Gjj, as si is A-equivariant si(/ii) = A(/iJ"^)si(e); 
so 

fTi(eG^) = A(/ii)ao(eG^). (4.12) 

The following Theorem, which gives the invariant K{tp) in terms of A, is consequence 
of Corollary 5 and (4.12) 

Theorem 20. // {V't} is the closed Hamiltonian isotopy in O generated by the 
vector fields {XAt}, then fx,{tp) = A(/ii), where ht G G is the solution to hth^^ = At, 
with ho = e and hi € Gr,. 

Let us assume that G is scmisimplc Lie group [4], and let T a maximal torus 
with T C Gr, (see [9] p. 166). One has the standard decomposition of flc = <H)r C 
in direct sum of root spaces 

where f) = tc, and a ranges over the set of roots. 

We denote by the element of [flajfl-a] such that a(a^) = 2. On the other 
hand t] extends in a natural way to 0c, and if F e 0a, then 

= r?([a\y]) = 2r?(y). 

Hence rj vanishes on ^0a. If ri{a'^) ^ 0, for all root a, then g,; = t; in this case 77 
is said to be regular. Henceforth we assume that t] is regular. Let P be the set of 
roots a such that r]{a^) < 0. Then the real counterpart of the above direct sum 
decomposition is 

= t© ^ (0a®fl-a) n0. 

We define b = ^ ® n, where 

Then b is a Borel subalgebra of 0c, which corresponds to a Borel subgroup B of G. 
We have 

Tr,{0) = S/Sr, = X (0a © Q-a) H 0. 
aeP 

Hence 
One defines 

TO'I© := n, 

and 

I^!,i0:= {X,.A{g-v)\A€n}. 

li gi ■ T] = g2 ■ T], then fiff ^92 G T. As 0a is an eigenspace for the action of T, then 

9x^92 ■ A € n, if A E n. Therefore the spaces Tg.'^ arc well-defined. 

For A Gn, one can define the vector field on O by A{g ■ rj) — Xg.Aig • rj). By 
(4.1) {lg)*A = A, hence the above complex foliation defined on O is G-invariant. 
Since the vector Xg.A{g ■ r]) is defined by the curve e*^ '^g • rj = ge^^ ■ 77, then the 
left invariant vector field La on G/T is the field which corresponds to A, in the 
identification of G/T with O. 
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The vector spaces T^'" are defined in the obvious way. As n is a subalgebra of 
0C, the decomposition T^{0) = T^'° ® T°'^ define a complex structure / on O. 
This complex manifold can be identified with Gc/B. 

Using the complex structure on O = G/T and the covariant derivative D on the 
prequantum bundle L = G Xa C, it is possible to define a holomorphic structure 
in L. The section r of L is said to be holomorphic iff D^t = for any vector field 
Z of type (0, 1). In this way L can be regarded as a holomorphic line bundle over 
Gc/B, and with the notation of Section 3 2/ = H^{Gc/ B , L). 

The homomorphism A : T ^ U{1) extends trivially to B, since B is a semidirect 
product oi H = Tc and the nilpotent subgroup whose Lie algebra is n. And each 
section cr of L determines a function s : Gc — * C which is A-equivariant. On the 
other hand, given A £ n, the Proof of Theorem 17 shows that the equivariant 
function associated to D^a is the map 

3 e Gc >-» Rg-A{9){s) + 2mri{g-^g ■ A)s{g) £ C. 

As 7/ vanishes on n and the vectors Rg.A{g) and LA{g) are equal, the equivariant 
function associated to D^cr is La{s). Therefore if a is holomorphic, then La{s) = 
for any A £n; that is, s is a holomorphic function on Gc- So the space H°{Gc/B, L) 
is isomorphic to the space 

f^A,/ := {s : Gc — > C I s is holomorphic and A — equivariant}. 

The Borel-Weil Theorem asserts that the action of G on the space f a,/ given by 
g-k 8 = so Cg-1 is an irreducible representation of G; more precisely the contra- 
gredient representation of that one whose highest weight is —A (see [3] pages 290, 
300). 

Denoting by tt the irreducible representation of G whose highest weight is —lirir] 
and by tt* its dual, from Corollary 18 it follows that the restriction of v to £a,7 is 
7r*. Prom Theorem 16 and Proposition 9 we deduce 

Theorem 21. Let r] be an element of q* , such that ^mr] is an integral character 
on Qn, and G^ is a maximal torus of G. If {ipt} is the closed Hamiltonian isotopy 
in On generated by the vector fields {XAt}, then 

.(^) = ^dpM, (4.13) 
dimn 

where ht G G is the solution to hth^^ = At, ho = e, and tt is the representation of 
G whose highest weight is —2mr]. 

Now the character x{t^*) and the dimension dimjr can be determined by Weyl's 
character formula [3], and so k(^). 

Examples 

1. Action integral in flag manifolds. Set D = diag(z(ii, . . . ,idn) G u(n), with 
dj e M. We denote hy p\ < ■ ■ ■ <pk the distinct values of the dj and by ni , . . . , rife 
the corresponding multiplicities. D determines an element rj e u(n)* by the relation 
ri{Y) = iv{DY). The coadjoint orbit is the flag manifold U{n)/U{ni) x • • • x 
U{nk). And for F = (Bi, . . . , Bk) G fi^ = 0^- u{nj), 

k 
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The manifold Ori depends only on the multiplicities nj . However the symplectic 
form uj, defined in (4.2) depends also on the pj. The manifold {Orj,uj) admits a 
I7(n)-invariant prequantization if — 27rpj =: nij e Z, for j = 1,. . . ,k. In this case 
the character A of = JJ^ U {rij) defined by 

k 

A(Ai,...,Afc) = n(det(A,-)n- 

j=i 

has as derivative 2Trir]. Now the symplectic flag manifold {On, to) is quantizable and 
it is determined by (mi, ni; . . . ; mk, Uk)- 

If {gt € U{n) \ t & [0, 1]} defines a loop in Ham(0^) by (3.3) , then gigG^ = 
gG^, for every g e U{n). So g\ is a multiple of the identity; g\ = zin, with \z\ = 1. 
By Theorem 20 

k 

K(¥^)=A(5i)=n^"'"^- 

Thus we have 

Proposition 22. The symplectic flag manifold 

{Or, = U{n)/U{ni) X • • • X U{nk), w) 

determined by the integers (mi , ni ; . . . ; ruk , rife ) admits a U (n) -invariant prequanti- 
zation. If (fi is the loop in Ham{On) defined by a family {gt € U{n)}, with go = In 
and gi = zIn, then 

K{ip) = Z", 

where a = '^jTUjUj. 

2. The invariant k of a Hamiltonian flow in S"^. For G = SU{2), if 
f ai w \ na 

with n e Z, then the orbit = SU{2)/U{1) = admits and S';7(2)-invariant 
quantization and the corresponding character A of U{1) is A{z) = z". 

Let E bo a matrix of su(2), and we assume that e^ = —Id. If we denote by ipt 
the symplectomorphism of given by 

ipt{q) = exp(t£;) • q, 

then the family {V't}te[o,i]i is a closed Hamiltonian flow on the orbit Or,- By 
Theorem 20 

k(V') = A{e^) = A(-Id) = (-1)". 

This result agrees with that one obtained in [21, Theorem 21] by direct calculation. 
This value is also obtained in [18, Example 3.6]. 

This value can also be deduced from Theorem 21. The Weyl's character formula 
[3] is very simple for the group SU{2); in this case, there is only one positive root 
a and the Weyl group has only two elements. We take for a the linear map defined 
by 

a(diag(ai, —ai)) = 2ai; 
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SO = diag(l, —1). If n < 0, then —A := — 27r?7 is the highest weight of a 
representation tt of SU{2). For t e U{1), = f"" and = t^. Therefore (see [3]) 

— n 

diniTr = -n + 1 and XttW = ^t"""^*". 

fe=o 

Hence 

X-*(/ii)=X7r(-l) = (-n + l)(-ir, 
and from (4.13) we again obtain the value (—1)" for /t(V')- 
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